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Several years ago, I discovered a generalization of part of the proof of 
Glauberman’s x*-theorem [l]. The ,a”-theorem deals with a subgroup A of 
order 2 which is weakly (and hence strongly) closed in a Sylow 2-subgroup 
of a finite group. It turns out that a large part of the argument can be gener- 
alized to the case of an Abelian 2-subgroup A of any order which is strongly 
closed in a Sylow 2-subgroup. The crucial difference is that if / A 1 > 2 the 
situation does occur in simple groups. This fact must then be reflected by a 
strengthened hypothesis. 
I originally applied this result in the study of certain groups having a so- 
called “weakly embedded” 2-local subgroup. This application has recently 
been superceded by a more general group-theoretic approach, but the argu- 
ment remains an interesting example of the power of the second main 
theorem. 
Recall that for a group G and subgroups d L T C G, WC say that ;1 is 
strongly closed in 7’ (with respect to G) if whenever a E A, g E G, and 
a” E T. then a” E =1. The result is 
THEOREM. Suppose 1’ is a Sylow 2-subgroup of a finite group G and -4 is 
an Abelian subgroup of T zhich is strongly closed in I’ a?ith respect to G. Further- 
more, suppose that 71 is an involution in C,(A) - A such that A C O,,,,(C(r)) 
for every involution 7 in the coset An. Then -4 C O,,,,(G). 
Note that in the case I A 1 .- 2, the second hypothesis is obtained “free” 
by induction and the Brauer-Suzuki theorem on groups with generalized 
quaternion Sylow 2-subgroups. 
In addition to the usual notation, we let Syl,(G) denote the set of Sylow 
p-subgroups of G, and we let O(G) ~-2 O,,(G). 
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Proof of the theorem. For convenience, we begin by restating the following 
results: 
LEMMA 1 (Glauberman [2]). Suppose that T is a Sylow 2-subgroup of 
the finite group G and A is an Abelian subgroup of T. Then the following are 
equivalent: 
(1) A is strongly closed in T with respect to G. 
(2) No(A) controls fusion in T with respect to G. 
Proof. See [2, Theorem 6.11. 
Remark. (2) means that if g E G and t, t’J E T, then t” z I” for some 
n E N,;(A). 
LEMMA 2 (Brauer). Let r be an involution in a finite group G and let B, 
be the set of ordinary irreducible characters in the principal 2-block of G. Then, 
(a) If x E O(Co(r)) and x E B,, , then X(~TX) m= x(n); 
(b) if p is a 2-element (including p = 1) which is nof conjugate to rr, 
then ILEn0 $(4 4(p) =- 0. 
Proof. These results are essentially consequences of Brauer’s second 
main theorem. See [l] for further references. 
For the remainder of the paper, let G be a minimal counterexample to the 
theorem and let =2 be a subgroup of G of minimal order satisfying the hypo- 
theses but not the conclusion. \Ve w-ill derive a contradiction via the following 
sequence of lemmas. 
LEMMA 3. O(G) == 1 = Z(G) and A is a minimal normal subgroup of 
‘Y-,(,4). In particular, A is elementary and if N 2 G with A n N #: 1, then 
.iI L rV and G = N(n>. 
Proof. Suppose Nq G, and set G = G/N. Then T E Syl,(G). Suppose 
u E A, Cc E G, and ag E .4. This implies that a” E TN, whence by Sylow’s 
theorem it follows that ag?l E T for some 11 E N. Since A is strongly closed, 
we conclude ag?’ E A and thus iiS E A. That is, A is strongly closed in T with __. 
respect to G. If, in addition, N has odd order, then C,-(T) = Co(r) for 
any involution T E G and + E CT(A) - A. Clearly, the groups G, A satisfy 
the hypotheses of the theorem, whence O(G) .= 1 by induction. 
Suppose Z(G) # 1, then Z(G) is a 2-group and since AT cannot contain 
a central element, r $ AZ(G). Set G = G/Z(G), then 7F E CT(A) - A. 
Suppose pi E .4n, then 7r m= zar for some z E Z(G), a E -4. Set r -:= n7~ and let 
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K be the complete inverse image of C&T,) in G. ‘Then K = N,(Z(G)(T,), 
so C,(T) 22 K. We conclude that Cc,(~) 4 Cc(~r), and hence 
-4 c O,,,,(C,(T)) c O,,,,(C,(T)) c oi,,2(cG(T1)) 
Again, the groups G, A satisfy the hypotheses of the theorem whence 
A C O,,,,(G) by induction. But if ,V/Z(G) O(G), then X 2 Z(G) :< iVr, 
where Ni has odd order. Since O(G) I, we get O(G) = I, and then 
il C O,(G). However, this means that =1 C O,(G), a contradiction. Therefore, 
Z(G) =~ I . 
Suppose Jo is a minimal normal subgroup of 1VJ-4) with =i, < A. 
By Lemma 1, A,, is strongly closed in T with respect to G. Also 
A, i: .4 k O,,,,(C(,)) for every involution 7 t --Ion, whence =I,, C O,,,,(G) 
by our minimal choice of A. Since O(G) ~~~ I, A,, c O,(G). Since A, is strongly 
closed we get -4,, d G. Let K C,(=J,,), then (n, .-1\ 1 7’ n K E Syl,(K). 
It is easy to check that the groups A, K satisfy the hypotheses of the theorem. 
Also, K ?$ G, since Z(G) = 1. By induction, .4 C O,,,,(K) C O,,,,(G), a 
contradiction. Therefore, =1 is minimal normal in K,(A). 
It follows that ;1 is elementary and that if ;I n i”l: f  1 for some normal 
subgroup N, then A C X. IIoreover, if i\; + G, then it is easy to see that 
A, iv\‘77 satisfy the hypotheses of the theorem. If G 7;: SIT ‘, then 
-3 i O,,,z(l\;(~l)) n NC O,,.,(X) C O,,,,(G), a contradiction. The proof is 
complete. 
Now let {ni , QT~ ,..., 7~~~s C a4x be a set representatives for the G-conjugacy 
classes of involutions which meet -4rr, and let N denote the relation “is 
conjugate to.” 
LEMMA 4. Suppose that 7 t A+, 7’ - 7 nnd rTTi’ -v rri,for some i t (1, 2,..., n). 
Then 7’rri’ ==: n,‘x, where rrj’ - rr, forsomej~(1,2,...,n)andsomex~O(C(.irj’)). 
Proof. Let 7’~~’ =. p” sp, where p is a 2-element and x has odd order. 
By Sylow’s theorem, (T’, p,~ c T for some g E- G, since ‘;T’, pi is a dihedral 
2-group. Thus we may assume, by a change of notation, that (T‘, p> C T. 
Let D ~: <7’, r+‘>, a dihedral group. Since X,(A) controls fusion in T, it 
follows that 7 is not G-conjugate to 7~~ , and therefore p /- 1. It is easy to 
check then that D has 3 classes of involutions with representatives T’, ~‘p, pi, 
for some integer k > 1. Since p” is central in D, we conclude that ri’ N ~‘p 
in D. Thus nxi = (T’p)” for some g E G. Since N,(A) controls fusion in T, it 
follows that ni = (7’~)” -= T’tlpn for some n E N,(A), and therefore WC get 
pTL = T’%-~ E 4~. Since [.ir, A] = 1, pT1 is an involution, and thus p m rj for 
somej. It remains to show that x E O(C(p)). By hypothesis, .4 C O,,,,(C(fn)) mm. 
(O,,,,(C(p)))” so that T’E~ C O,,,,(C(p)). But T’ inverts x, so that 
[T’, x] = 9 t O,,,,(C(p)). S’ mce x has odd order, it follows that x t O(C(p)) as 
required. 
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Now, for anyg E G, let K, == xulND g’ viewed as an element of the complex 
group algebra of G, let [ Kg 1 = 1 G : C,(g)! and let {x0 = 1, x1 ,..., xl$ be 
the set of ordinary irreducible characters in the principal 2-block of G. Let 
LEMMA 5. Fix an involution 7 E ,4*. Then there e.vist integers h,, 
(I .; i, j :, n) which do not depend on 7, such that 
Proof. By Lemma 4, the product li,k:, involves only conjugacy class 
sums of the shape Kmj, where x E O(C(rj)). Thus, if aijr denotes the number 
of times that rj.v is a product of a conjugate of 7 and a conjugate of ri , we 
get 
K,Kni = ‘f C a,j,.Kp,.l. , (1 :; i 5 I/). 
,=I 7 
Applying the algebra homomorphism wy to this equation and multiplying 
both sides by x,(l), we get 
But X(V,X) = x(r,) by Lemma 2, and, clearly, 
So if we set 
bij = 1 UjiX C(n,) : C(,.Y)~, 
where the sum ranges over a set of G-conjugacy class representatives for 
O(G(xj)), then equation (*) follows. 
LEMMA 6. Let N be the normal closure of iz in G. Then 714 N and 
G =~ N(r). I f  p E T - AT, then p m rj for some j. 
Proof. Let B be the n x n matrix (b(j) and V~ be the 1 x n column vector 
whose i-th entry is xr(ni)l K,,j 1 for 0 -( Y .I’ WL. Then equation (*) of 
Lemma 5 may be rewritten: 
C+.(T) v, = Bv, . 
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Thus z’,. is an eigenvector of H with eigenvalue ~~(7). Let p be a 2-element 
which is not G-conjugate to an element of a4~. Then by Lemma 2 we have 
-f x(p) X,.(37<) == 0 (1 -; i _ a). 
Multiplying by / K,: 1, this equation becomes 
Choose notation so that W”(T) = W,(T) ‘.’ WJT) 7’ W,.(T) (s T I :.< I ,: 112). 
Then we have 
Since eigenvectors belonging to distinct eigenvalues are linearly indepen- 
dent, we conclude that 
(**I 
Since x0(p) =-1 1, we have, in particular, that s ;I 1. Therefore, ~~(7) = xi(l), 
so that if N --= ker xi , then h7 f G since xi ,/ 1. Since 7 t N, we conclude 
by Lemma 3 that A S: N and G = N<rr >. It follows by Lemma 3 that IV is 
the normal closure of A in G. If  s -- 2, then the same argument shows that 
ker xz = ker x1 = N. But / Gjhr 1 2; so this is impossible. Thus, s = 1. 
Taking p --: 1 in (**) we get z0 + z’i = 0. Now, if p E T - N and p is not 
G-conjugate to an element of -4r, then x1(p) = - 1 and (**) becomes 
z‘,, - vi L= 0 which is impossible. The proof is complete. 
LEMMA 7. Let TO = 1’ n N. Then ‘I’,, is Abelian, ~-1 = .Q,(T,,), and 
;V,( T) controls fusion in T. 
Proof. Since G = N(n) it follows that T : To(n) and moreover, every 
element of the shape tgr (to E TO) is an involution by Lemma 6. Thus n 
inverts ‘Z’,, ; so TO is Abelian. Since ;1 is elementary, A C Qn,( TO) C Z(T). 
TVe next argue that A = Qn,(T,J, f  or suppose not. Choose n0 E Qn,(T,) - A 
and set K := C,(,,,). By Lemma 3, K f  G but since T C K, it is easy to 
see that il is strongly closed in T with respect to K and that 
il C O,,,,(~,(T)) n C,(T) C O,,,,(C,(T)) for all ‘T E AT. By induction, 
,4 cl O,,,,(K). Similarly, 4 C O,,,a(C(7J) for every involution ~~~ E 47r0 . 
Thus we can replace v  by n0 in Lemmas 3-6, and conclude that r,, does not 
lie in the normal closure of .4 in G, a contradiction. Therefore, A :: .Q,(T,). 
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\Vc nest claim that C,(A) has a normal 2-complement. Namely, set 
K 7. C,V(/l), then T, E Syl,(K), T,, is Abelian and nii,(T,J~C,(T,J is a group 
of automorphisms of T,, of odd order which is trivial on Q,(T,). Clearly, 
Ai, =: C,(T,,), whence K has a normal 2-complement by Burnside’s 
transfer theorem [3, p. 2521. Since C,(A) =: K(?r,\, C,(il) has a normal 
2-complement. 
Since T C C,(A) g nrc(A), the Frattini argument yields JVG(-J) 
N(;(T) C,(z4) == ATG(T) . T . 0(&(A)) == -J,(T) . O(N,(A)). Now suppose 
x, .V t T for some R E G. Then .xg = xn for some n E ~VJiil) by Lemma 1. 
Let II ~7 n,a, n, E NG(T), a E O(l\i,(A)). Then xg : x?lln, and if we lrt 
y  -= ~1, we have y  E T and y” = x” E T. Thus, 
Y+J+ = [y, U] E T n O(ni,(A)) = 1, 
whence xv ya=y=x ‘1l as required. 
LEMMA 8. A C O,,,,(G). 
Proof. We claim that T, is elementary, i.e., T,, = A, for suppose not. 
Then since A = sZ,(T,), we get A n @(T,) f 1. Since T0 = T n N4 N,(T), 
it follows that A n @(T,,) 4 NG( T). By Lemma 7, A n @(To) g N,(A) and 
thus rl c @(T,J by Lemma 3. Now, every element of T - T, is G-conjugate 
to an element of An by Lemma 6. By Lemma 7, N,(T) is transitive on the 
elements of T - T,, (modulo A). Let 1’ = T/@(T), then x = 1 and rl‘ 
admits a group of automorphisms of odd order transitive in the elements of 
I? - T,, . But T,, is invariant; so this is impossible by complete reducibility 
of a group of odd order acting on an elementary Abelian 2-group. This 
contradiction shows that T, = ,4 and thus T is Abelian. However, complete 
reducibility and the fact that N,(T) controls fusion in T now show that T 
contains a weakly closed involution, i.e., there is an involution rr’ E rZn which 
is not G-conjugate to any other element of T. By Glauberman’s x*-theorem 
[I], i7’ EZ*(G). This contradicts Lemma 3 and completes the proof of the 
theorem. 
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